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1. Introduction
Black-hole solutions emerging in string theory have been extensively studied in the
recent literature. One of the reasons for such attention is the suggestion that the elementary
massive string states (with Planck masses) could be identified with black-holes ([1] and
references therein). This identification is not necessarily made in the same string theory but
usually involves dual pictures: a classical black-hole solution of a string theory (“soliton”) is
identified with a quantum (bound or elementary) state on a dual theory. Identifications of
this type have been recently employed to provide a statistical derivation of the Bekenstein-
Hawking entropy by identifying the black-holes solutions with bound configurations of
D-branes ([2,3,4,5,6,7]).
In the present work, we generate the most general rotating electrically charged black-
hole solution of the heterotic string compactified on a (10−D)-torus (conforming the “no
hair” theorems). We follow the work of [8], where the particular case D = 4 was studied.
Related works (using the same rotating technique to generate new solutions from a given
one) can be found in [9,10,11,12], where cases of different dimensions, charges and number
of rotation planes where studied. In the present work, we generate a family of solutions
depending on a mass,
[
D−1
2
]
angular momenta (
[ ]
denotes the integer part) and 36− 2D
electrical charges. 16 electrical charges come from the U(1)16 of the heterotic string in
ten dimensions (on a general point on the moduli space of compactifications) and the
remaining 2 · (10−D) electric charges come from the compactified dimensions (any time
we compactify a spatial dimension there appears generically two new U(1) gauge fields:
the Kaluza-Klein U(1) field comming from the metric Gµν and the “winding” U(1) field
originating from the antisymmetric tensor field Bµν). These 1 +
[
D−1
2
]
+ 36 − 2D are
the largest number of parameters labeling these stationary black-holes conforming the “no
hair” theorems. In section 2 we introduce the action for the heterotic string compactified
on a (10 − D)-torus. The solutions we are about to introduce satisfy the equations of
motion derived from this action. In section 3 we describe the generalization to any D of
the solution generating technique of [8] which generates new solutions to the equations of
motion from a given one. We will show that the generating boosts depend on 36 − 2D
free parameters, in such a way that if we rotate the Myers and Perry metric [13] (which
already depends on 1+
[
D−1
2
]
parameters corresponding to the mass and angular momenta
associated to rotations in all commuting planes) we generate the most general solution we
want to construct. In section 4 we carry out the rotation and obtain expressions for the
family of new solutions. Finally, in section 5 we study general features of these general
black-hole solutions, like the mass, electric charges, angular momentums, ergosphere and
horizons.
2. The Heterotic String Compactified on a (10−D)-Torus.
The low energy effective theory of the ten-dimensional heterotic string corresponds to
N = 1 supergravity coupled to U(1)16 super Yang-Mills (on a generic point of the space
of compactification). The bosonic content of this theory is given by the metric GAB , the
dilaton Φ, the antisymmetric tensor BAB and the U(1) gauge bosons A
I
A (where A,B :
1
0, 1, ..., 9, and I : 1, 2, .., 16). When we compactify on a (10 − D)-torus, the metric GAB
induces the D-dimensional metric Gµν , 10−D U(1) Kaluza-Klein gauge bosons Gµi and
(11−D)(10−D)/2 scalars Gij ( here µ, ν : 0, 1, ..D−1, and i, j : 1, 2, ..10−D). The gauge
U(1) bosons AIA originate 16 U(1) gauge bosons A
I
µ and 16·(10−D) scalars AIi . Finally, the
antisymmetric tensor field BAB induces the two form Bµν , 10−D U(1) “winding” gauge
bosons Bµi and (10 −D)(9 −D)/2 scalars Bij . Then, the total number of gauge bosons
of the compactified theory is 36 − 2D. These gauge bosons can be arranged in a column
matrix of vectors A
(a)
µ (where a : 1, .., 36− 2D). The total number of scalars (excluding
the dilaton) is 260− 36D+D2. These scalars can be arranged in a (36− 2D)× (36− 2D)
matrix M =MT valued on the group G given by:
M ⊂ G, G = O(10−D, 26−D)
O(26−D) ×O(10−D) (2.1)
This matrix fulfills MLMT = L where L is the matrix given by:
L =
(−I26−D 0
0 I10−D
)
(2.2)
(In is the n × n unit matrix). One can easily check that the dimension of G is precisely
260− 36D+D2, in such a way that the scalars of the theory (excluding the dilaton) fit in
G. In terms of Φ, M , A
(a)
µ , Bµν and L, the action for the heterotic string compactified on
a (10−D)-torus takes the form [14]:
S = C
∫
dDx
√−Ge−Φ[RG +Gµν∂µΦ∂νΦ+ 1
8
GµνTr(∂µML∂νML)
− 1
12
Gµµ
′
Gνν
′
Gρρ
′
HµνρHµ′ν′ρ′
−Gµµ′Gνν′F (a)µν (LML)abF (b)µ′ν′
]
(2.3)
where
F (a)µν = ∂µA
(a)
ν − ∂νA(a)µ (2.4)
and
Hµνρ = ∂µBνρ + 2A
(a)
µ LabF
(b)
νρ + cyclic. (2.5)
It is straightforward to check that this action is invariant under global rotations Ω
leaving the matrix L invariant (ΩLΩT = L):
M → ΩMΩT , A(a)µ → ΩabA(b)µ (2.6)
Under these rotations, Gµν , Bµν and Φ remain invariant.
3. The Solution-Generating Technique, “Bar” Fields.
Here we describe in some detail the solution-generating technique by following the
work of Sen [8] where the case D = 4 was studied (see also [12,9,10,11]). This technique
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can be used to, given one time-independent solution of the equations of motion of the
action (2.3), generate a new family of time-independent solutions. If we restrict ourselves
to time-independent backgrounds we find two new U(1) gauge fields in the theory: B0m
and G0m
G00
. The first U(1) gauge field is related to the time-independent gauge invariance
δBm0 = ∂mλ0 − ∂0λm = ∂mλ0. The second gauge field is related to invariance under
local time-independent translation of the time coordinate. One can add these two new
U(1) gauge fields to our 1 × (36 − 2D) column matrix of vectors A(a)µ and define the
1× (38− 2D) matrix of vectors A¯(a¯)µ (a¯ : 1, 2, ..38− 2D) given by:
A¯(a)n ≡ A(a)n −
G0n
G00
A
(a)
0 1 ≤ a ≤ 36− 2D
A¯(37−2D)n ≡
1
2
G0n
G00
A¯(38−2D)n ≡
1
2
B0n + A
(a)
0 LabA¯
(b)
n
(3.1)
(note that A
(a)
0 is a scalar under time-independent general coordinate transformations).
Also, the (36 − 2D) × (36 − 2D) G-valued matrix M is promoted to a (38 − 2D) ×
(38− 2D) matrix M¯ . The elements of the M¯ matrix are given by (M¯ = M¯T ):
M¯ab ≡Mab + 4A
(a)
0 A
(b)
0
G00
1 ≤ a, b ≤ 36− 2D
M¯a,37−2D ≡ −2A
(a)
0
G00
1 ≤ a ≤ 36− 2D
M¯37−2D,37−2D ≡ 1
G00
M¯a,38−2D ≡ 2(ML)abA(b)0 + 4
(A
(b)
0 LbcA
(c)
0 )
G00
A
(a)
0 1 ≤ a ≤ 36− 2D
M¯37−2D,38−2D ≡ −2(A
(b)
0 LbcA
(c)
0 )
G00
M¯38−2D,38−2D ≡ G00 + 4A(b)0 (LML)bcA(c)0 + 4
(A
(b)
0 LbcA
(c)
0 )
2
G00
(3.2)
Also, one defines a “bar” metric by:
G¯nm ≡ Gnm − G0nG0m
G00
(3.3)
and a “bar” antisymmetric tensor:
B¯nm ≡ 1
2
Bnm +
G0n
G00
(A(a)m LabA
(b)
0 −
1
2
B0m)− (n↔ m) (3.4)
Finally, the “bar” dilaton is defined through:
3
Φ¯ = Φ− 1
2
ln(−G00) (3.5)
For time-independent field configurations, the action (2.3) can be written in terms of
the “bar” fields as:
S = C
∫
dt
∫
dD−1x
√
−G¯e−Φ¯[RG¯ + G¯mn∂mΦ¯∂nΦ¯ + 18 G¯mnTr(∂mM¯L∂nM¯L)
− 1
12
G¯mm
′
G¯nn
′
G¯ll
′
H¯mnlH¯m′n′l′
− G¯mm′G¯nn′ F¯ (a¯)mn(L¯M¯L¯)a¯b¯F¯ (b¯)m′n′
]
(3.6)
where now:
F¯ (a¯)mn = ∂mA¯
(a¯)
n − ∂nA¯(a¯)m (3.7)
H¯mnl = ∂mB¯nl + 2A¯
(a¯)
m L¯a¯b¯F¯
(b¯)
nl + cyclic. (3.8)
(1 ≤ a¯, b¯ ≤ 38− 2D) and L¯ is given by:
L¯ =

L 0 00 0 1
0 1 0

 (3.9)
(L is the one in (2.2)). Again, one straightforwardly verifies that this action is invariant
under the O(11−D, 27−D) rotations leaving the matrix L¯ invariant (Ω¯L¯Ω¯T = L¯):
M¯ → M¯ ′ = Ω¯M¯Ω¯T
A¯(a¯)n → A¯′(a¯)n = Ω¯a¯b¯A¯(b¯)n
(3.10)
Once more, Φ¯, G¯nm and B¯nm remain invariant under this O(11−D, 27−D) rotation.
The spirit of the solution generating technique is the following. The rotation (3.10)
in the space of time-independent backgrounds mixes the “genuine” initial (36− 2D) U(1)
gauge fields A
(a)
µ with the components G00 and G0n of the metric tensor and the com-
ponents B0n of the antisymmetric tensor (as can be seen in (3.1)). Then, through this
mixing one is able to generate new non-trivial solutions to the equations of motion of (2.3)
(non-trivial means that we do not produce equivalent solutions). Note that due to the
fact that we do not have magnetic charges (monopoles) the gauge fields are well defined
globally and so, the new metrics obtained after rotation (with whom the original gauge
fields mix) are also well defined.
Let us now prove that the non-trivial generating rotations leaving invariant the asymp-
totic behaviour of the solution are labeled by 36−2D free parameters. As we noted above,
not all the O(11 − D, 27 − D) rotations are allowed. Ω¯ must satisfy Ω¯L¯Ω¯T = L¯. Let us
study this condition (we follow the lines of [8]). The first observation is that the U matrix
given by:
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U =


I36−2D 0 0
0 1√
2
1√
2
0 1√
2
−1√
2

 (3.11)
diagonalizes L¯:
L¯d ≡ UL¯UT =


−I26−D 0 0 0
0 I10−D 0 0
0 0 1 0
0 0 0 −1

 (3.12)
Then, we can write the condition Ω¯L¯Ω¯T = L¯ as (UTU = I38−2D):
Ω¯dL¯dΩ¯
T
d = L¯d (3.13)
where we have defined Ω¯d ≡ U Ω¯UT . In an asymptotically free space-time (where, at
infinity, Gµν → ηµν and A(a)µ → 0), M¯ has the asymptotic form:
M¯ →

 I36−2D 0 00 −1 0
0 0 −1

 (3.14)
(where we take M = I36−D). From (3.12) and (3.14) we conclude [8] that Ω¯d (and then,
Ω¯ itself) belongs to a subgroup O(1, 26 −D) × O(10 −D, 1) of O(11 − D, 27 −D). The
O(1, 26−D) rotates the first 26−D elements and the element 37− 2D of a column vector
between themselves whereas the O(10−D, 1) rotates the elements 27−D, .., 36− 2D and
38 − 2D of a column vector between themselves. However, not all the elements of the
subgroup O(1, 26 − D) × O(10 − D, 1) generate new solutions. We have to quotient by
the global symmetry transformations Ω in (2.6) of the action (2.3) that do not generate
new solutions. Then, we have to quotient O(1, 26−D) × O(10−D, 1) by the O(26−D)
rotations mixing the first 26 − D elements of a column vector between themselves and
the O(10 − D) rotations mixing the elements 27 − D, .., 36 − 2D between themselves.
Summarizing, the rotation group in the 38 − 2D internal space generating inequivalent
solutions of the equations of motion associated to the action (2.3) is given by G¯:
G¯ =
O(1, 26−D)×O(10−D, 1)
O(26−D)×O(10−D) (3.15)
One can easily verify that the dimension of G¯ is precisely 36− 2D.
The strategy to generate the most general electrically charged black-hole solutions in
the heterotic string compactified on a (10 −D)-torus is now clear. First, we take as the
generating solution the one given by:
Gµν = G
MP
µν
M = I36−2D
Φ = Bµν = A
(a)
µ = 0
(3.16)
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where GMPµν is the metric of Myers and Perry (see next section), which from now on we
will refer as the MP metric. This metric is designed for dimensions D > 3 and we will
assume from the rest of the paper that this is the case. The MP metric already depends on
1 +
[
D−1
2
]
parameters: the mass and the angular momentums associated to the maximun
allowed number of rotating planes. M has to be an element of G and I36−2D is the
simplest choice. (3.16) is trivially a solution of the equations of motion of the action (2.3)
(essentially, the constant fields satisfy automatically the equations of motion leaving as the
only non-trivial equations the Einstein equations in vacuum, to which GMPµν is a solution).
The next step is to use the solution (3.16) to define the “bar fields” (3.1) and (3.2).
In particular A¯
(a¯)
n is given by (substitute (3.16) in the definitions (3.1) and (3.2)):
A¯(a¯)n =
1
2
G0n
G00
δa¯,37−2D (3.17)
and M¯ is given by:
M¯ →

 I36−2D 0 00 (G00)−1 0
0 0 G00

 (3.18)
One then performs the Ω¯ rotation (depending on 36− 2D free parameters) and gets A¯′(a¯)n
and M¯ ′
a¯b¯
. Finally one goes backwards in the relations (3.1) and (3.2) and recovers the
new solutions G′µν , M ′, Φ′, A′
(a)
µ and B
′
µν . The metric G
′
µν so obtained depends on
1 +
[
D−1
2
]
+ 36− 2D parameters, and then is the most general electrically charged black-
hole solution allowed conforming the “no hair” theorems.
In the next section we explicitly carry out the G¯ rotation and find the new solutions.
4. The General Solutions.
Let us first suppose that we have performed the rotations Ω¯ in (3.10) and obtained
the vector A¯
′(a¯)
n and the matrix M¯ ′a¯b¯. We can use the relations defining the “bar fields” in
(3.1) and (3.2) to obtain the new solutions in terms of these A¯
′(a¯)
n and M¯ ′a¯b¯. For instance,
in (3.2) we see that G′00 is just given by:
G′00 =
1
M¯ ′37−2D,37−2D
(4.1)
As another example, we easily obtain A′(a)0 from (3.2):
A′(a)0 = −
G′00
2
M¯ ′a,37−2D = −
M¯ ′a,37−2D
2M¯ ′37−2D,37−2D
1 ≤ a ≤ 36− 2D (4.2)
In a similar way one can compute the expressions for all the fields of the new solutions
in terms of the elements of the rotated vector A¯
′(a¯)
n and the rotated matrix M¯ ′a¯b¯. Let us
collect the result. The new metric is given by:
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G′00 =
1
M¯ ′37−2D,37−2D
, G′0n = 2
A¯
′(37−2D)
n
M¯ ′37−2D,37−2D
G′nm = Gnm − G0nG0m
G00
+ 4
A¯
′(37−2D)
n A¯
′(37−2D)
m
M¯ ′37−2D,37−2D
(4.3)
The dilaton is given by:
Φ′ = Φ− 1
2
ln(G00M¯
′
37−2D,37−2D) (4.4)
The expressions for the U(1) gauge fields are:
A′(a)0 = −
1
2
M¯ ′a,37−2D
M¯ ′37−2D,37−2D
1 ≤ a ≤ 36− 2D
A′(a)n = A¯
′(a)
n −
M¯ ′a,37−2D
M¯ ′37−2D,37−2D
A¯′(37−2D)n
(4.5)
The scalar fields of the new solution are given by:
M ′ab = M¯ ′ab −
M¯ ′a,37−2DM¯
′
b,37−2D
M¯ ′37−2D,37−2D
1 ≤ a, b ≤ 36− 2D (4.6)
And finally, the new antisymmetric tensor is given by:
B′0n = 2A¯′(38−2D)n +
M¯ ′a,37−2D
M¯ ′37−2D,37−2D
LabA¯
′(b)
n
B′nm =
1
2
Bnm +
G0n
G00
A(a)m LabA
(b)
0 +B0n
G0m
2G00
+
1
M¯ ′37−2D,37−2D
A¯′(37−2D)n A¯
′(a)
m LabM¯
′
b,37−2D + 2A¯
′(37−2D)
n A¯
′(38−2D)
m − (n↔ m)
(4.7)
(note that this last expression simplifies in our case, because we are going to rotate the
solution (3.16) where Φ = A
(a)
µ = Bµν = 0). What remains now is to compute the rotated
vector A¯
′(a¯)
n and matrix M¯ ′a¯b¯ and substitute the result in the expressions (4.3)-(4.6) to
obtain the final solution. In (3.15) we saw that the generating boosts are elements of the
group
Ω¯ ∈ O(1, 26−D)×O(10−D, 1)
O(26−D)O(10−D) (4.8)
We also saw that Ω¯d = U Ω¯U
T is such that the O(1, 26 − D) rotates the first 26 − D
elements and the element 37 − 2D between themselves whereas the O(10 −D, 1) rotates
the elements 27 − D, .., 36 − 2D and 38 − 2D between themselves. The O(26 − D) and
O(10−D) that we are quotienting out are the rotations between the first 26−D elements
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and the rotations between the elements 27−D, .., 36− 2D respectively. The simplest way
to parametrize this Ω¯d is the following [8]:
Ω¯d = UΩU
T = R(p¯, q¯) ·B(α, β) (4.9)
where B(α, β) performs a boost of angle α between the elements 26−D and 37− 2D and
a boost of angle β between the elements 36− 2D and 38− 2D:
B(α, β)a¯,b¯ = δa¯,b¯ + (coshα− 1)(δa¯,26−Dδb¯,26−D + δa¯,37−2Dδb¯,37−2D)
+ sinhα(δa¯,26−Dδb¯,37−2D + δa¯,37−2Dδb¯,26−D)
+ (coshβ − 1)(δa¯,36−2Dδb¯,36−2D + δa¯,38−2Dδb¯,38−2D)
+ sinhβ(δa¯,36−2Dδb¯,38−2D + δa¯,38−2Dδb¯,36−2D)
(4.10)
and R(p¯, q¯) is given by R(p¯, q¯) = R26−D(p¯)⊕R10−D(q¯)⊕I2 where RN (k¯) is a N -dimensional
rotation matrix rotating the N -dimensional column unit vector (0, 0, .., 0, 1) to the N -
dimensional unit vector (k1, k2, .., kN):
[RN (k¯)]ij =δij
[(
1− ki
2
1 + kN
)
(1− δiN ) + kNδiN
]
+ (1− δij)
[
(δiN + δjN − 1) kikj
1 + kN
+ kiδjN − kjδiN
] (4.11)
As a consistency check of this parametrization of the generating boosts, note that the total
number of parameters of the matrix Ω¯d are 25−D coming from the unit vector p¯, 9−D
coming from the unit vector q¯, and the two boost angles α and β, making a total of 36−2D
parameters (precisely the dimension of the group (4.8)).
Now, we are in position to perform the boost of the vector A¯
(a¯)
n and the matrix M¯a¯b¯.
First, we boost A¯
′(a¯)
n . We need to compute:
A¯′(a¯)µ = Ω¯a¯b¯A¯
(b¯)
µ = (U
TR(p¯, q¯)B(α, β)U)a¯b¯A¯
(b¯)
µ (4.12)
From our expressions (3.11), (4.10), (4.11), and (3.17) one gets the following result:
A¯′(a)n =
sinhα
2
√
2
G0n
G00
pa 1 ≤ a ≤ 26−D
A¯′(a+26−D)n =
sinhβ
2
√
2
G0n
G00
qa 1 ≤ a ≤ 10−D
A¯′(37−2D)n =
1
4
(coshα+ coshβ)
G0n
G00
A¯′(38−2D)n =
1
4
(coshα− coshβ)G0n
G00
(4.13)
Now, we compute M¯ ′. We need to calculate, in this case:
M¯ ′ = Ω¯M¯ Ω¯T = UTR(p¯, q¯)B(α, β)UM¯UTBT (α, β)RT (p¯, q¯)U (4.14)
8
The result is:
M¯ ′ab = δab + (1 +G
+)sinh2 αpapb 1 ≤ a, b ≤ 26−D
M¯ ′a,b+26−D = sinhαsinhβG
−paqb 1 ≤ a ≤ 26−D, 1 ≤ b ≤ 10−D
M¯ ′a+26−D,b+26−D = δab + (1 +G
+)sinh2 βqaqb 1 ≤ a, b ≤ 10−D
M¯ ′a,37−2D =
a+1
G00
pa 1 ≤ a ≤ 26−D
M¯ ′a+26−D,37−2D =
a+2
G00
qa 1 ≤ a ≤ 10−D
M¯ ′37−2D,37−2D =
∆
G00
M¯ ′a,38−2D =
a−1
G00
pa 1 ≤ a ≤ 26−D
M¯ ′a+26−D,38−2D =
a−2
G00
qa 1 ≤ a ≤ 10−D
M¯ ′37−2D,38−2D = M¯
′
38−2D,38−2D =
δ
G00
(4.15)
where we have defined:
G± ≡ 1
2
(
1
G00
±G00)
a±1 ≡
sinhα
2
√
2
[
coshα± coshβ + 2 coshαG00 + (coshα∓ coshβ)G002
]
a±2 ≡
sinhβ
2
√
2
[
coshα ± cosh β ± 2 coshβG00 − (coshα∓ coshβ)G002
]
∆ ≡ 1
4
(coshα+ coshβ)2 +
G00
2
(sinh2 α+ sinh2 β) +
G200
4
(coshα− coshβ)2
δ ≡ 1
4
(cosh2 α − cosh2 β)(1 +G002) + 1
2
(sinh2 α − sinh2 β)G00
(4.16)
Now, we are ready to substitute these results in (4.1) -(4.7) to obtain the final solution.
Here we collect the result. The boosted metric reads:
G′00 =
G00
∆
, G′0n =
1
2
(coshα+ coshβ)
G0n
∆
G′nm = Gnm +
[ (coshα+ coshβ)2
4∆
− 1
]G0nG0m
G00
(4.17)
The boosted dilaton is:
Φ′ = −1
2
ln∆ (4.18)
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The U(1) gauge fields are given by:
A′(a)0 = −
a+1
2∆
pa 1 ≤ a ≤ 26−D
A′(a+26−D)0 = −
a+2
2∆
qa 1 ≤ a ≤ 10−D
A′(a)n =
1
2
[ sinhα√
2
− a
+
1
2∆
(coshα + cosh β)
]G0n
G00
pa
A′(a+26−D)n =
1
2
[ sinh β√
2
− a
+
2
2∆
(coshα+ coshβ)
]G0n
G00
qa
(4.19)
The boosted scalars are:
M ′ab = δab +
[
(1 +G+)sinh2 α − (a
+
1 )
2
∆G00
]
papb 1 ≤ a, b ≤ 26−D
M ′a+26−D,b+26−D = δab +
[
(1 +G+)sinh2 β − (a
+
2 )
2
∆G00
]
qaqb 1 ≤ a, b ≤ 10−D
M ′a,b+26−D =
[
G− sinhα sinhβ − a
+
1 a
+
2
∆G00
]
paqb 1 ≤ a ≤ 26−D, 1 ≤ b ≤ 10−D
(4.20)
Finally, the boosted antisymmetric tensor reads:
B′0n =
1
2
(
coshα− cosh β + 1√
2
a+2 sinh β − a+1 sinhα
∆
)G0n
G00
B′nm = 0
(4.21)
At first sight, some of the previous expressions seems to be ill defined over the ergosphere
(i.e., the surface defined by G00 = 0). However, a closer inspection shows that all the fields
are well defined when G00 = 0 (see section 5).
Note that the previous expressions are valid for any metric Gµν satisfying the Einstein
equations in the vacuum. The only information that we have used so far is that (see (3.16))
M = I36−2D and Φ = Bµν = A
(a)
µ = 0. Now, to have the most general electrically charged
black-hole solution of the heterotic string compactified on a (10 − D)-torus we have to
substitute the Myers and Perry metric GMPµν in the relations (4.17)-(4.21). Here we give
the MP metric in polar coordinates which are the best adapted to the symmetry of a
rotating black-hole in
[
D−1
2
]
commuting planes (with more than one plane of rotation, the
spherical coordinates lead to complicated, long and asymmetrical expressions). On each
plane of rotation (there are
[
D−1
2
]
) we select polar coordinates (ri, θi) (i : 1, ..
[
D−1
2
]
).
When the spatial dimension (D − 1) is odd, we have to introduce another coordinate z,
labeling the direction in which there is not rotation. ai is the rotation parameter along
the plane labeled by the coordinates (ri, θi). The MP metric is given by (remember that
10
D > 3) [13]:
GMP00 = h− 1, GMP0ri = h
ρri
ρ2 + ai2
GMP0θi = h
airi
2
ρ2 + ai2
, GMP0z =
(1− (−1)D−1)
2
h
z
ρ
GMPrirj = δij + h
ρ2rirj
(ρ2 + ai2)(ρ2 + aj2)
GMPθirj = h
ρairi
2rj
(ρ2 + ai2)(ρ2 + aj2)
, GMPriz =
(1− (−1)D−1)
2
h
zri
ρ2 + ai2
GMPθiθj = ri
2δij + h
aiajri
2rj
2
(ρ2 + ai2)(ρ2 + aj2)
GMPθiz =
(1− (−1)D−1)
2
h
airi
2z
ρ(ρ2 + ai2)
, GMPzz =
(1− (−1)D−1)
2
(
1 + h
z2
ρ2
)
(4.22)
In the previous expressions, ρ = ρ(ri, ai) (i : 1, ..
[
D−1
2
]
) is the function defined by the
constraint: ∑
i
( ri2
ρ2 + ai2
)
+
(1− (−1)D−1)
2
z2
ρ2
= 1 (4.23)
and h is given by:
h =
(1 + (−1)D−1)
2
µρ2
ΠF
+
(1− (−1)D−1)
2
µρ
ΠF
(4.24)
being:
Π =
∏
i
(ρ2 + ai
2), F = 1−
∑
i
ai
2ri
2
(ρ2 + ai2)2
(4.25)
An important consequence of the constraint (4.23) (useful when computing the conserved
charges at infinity) is that:
lim
ri1 ,··,riL→∞
ρ2 =
∑
i∈UL
r2i (4.26)
where UL = (ri1 , ··, riL) is any subset of the radial polar coordinates ri (i : 1, ..,
[
D−1
2
]
).
It is convenient to remark that the MP metric does not depend on the time t nor the
polar angles θi; it is obviously invariant under time translations and θi translations. The
Killing field associated to the first isometry is:
ξt =
∂
∂t
(4.27)
and the associated conserved charge is the mass. On the other hand, the Killing field
associated to translations on θi is:
ξi =
∂
∂θi
(4.28)
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and the associated conserved charges are the angular momenta due to the rotations along
the corresponding planes. These isometries are also isometries of the rotated metric (4.17),
because it is still independent of the time t and the polar angles θi. They play an impor-
tant role when computing the mass, the angular momentums and horizon of the general
electrically charged black-hole.
5. Conserved Charges, Ergosphere and Horizons.
In this section we are going to discuss general properties of the electrically charged
black-holes that we have obtained in (4.17)-(4.21). First, we compute the conserved charges
of the solution, starting with the mass and the angular momentum. The appropriate metric
to use is the Einstein metric, related to (4.17) (from now on we take Gµν = G
PM
µν in (4.17))
by the following relation:
G′Eµν = e
2Φ′
2−DG′µν . (5.1)
The ADM mass is the charge corresponding to the Killing vector field (4.27) and is
related to the invariance of the system under global time-translations. One obtains:
M =
1
2
(1 + (D − 3) coshα coshβ)µΩD−2 (5.2)
where ΩD−2 is the area of the unit (D−2)-sphere. The angular momentum Ji is the charge
corresponding to the Killing vector field (4.28) and is related to invariance of the solution
under global translations of the polar angle θi. The result is:
Ji =
1
2
(coshα+ coshβ)µaiΩD−2 (5.3)
For the electric charges Q(a) of the black-hole one obtains:
Q(a) =
µ√
2
(D − 3) sinhα coshβpaΩD−2, 1 ≤ a ≤ 26−D
Q(a+26−D) =
µ√
2
(D − 3) sinhβ coshαqaΩD−2, 1 ≤ a ≤ 10−D.
(5.4)
Let us now localize the ergosphere. The ergosphere is the surface of space-time defined
by the equation G′E00 = 0. In our case, from (5.1) and (4.17) we get:
G′E00 = ∆
3−D
D−2GMP00 = 0 (5.5)
This equation, for finite boosts angles α and β, has the solution GMP00 = 0. Then, the
ergosphere of the boosted black-holes are at the same place as the ergosphere of the MP
metric. From (4.22) we find that the ergosphere is in the region where h = 1, and then, is
defined by the equation (see (4.24)):
ΠF = µρ2 for D− 1 even
ΠF = µρ for D− 1 odd
(5.6)
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One can check that all the fields are well defined over the ergosphere and that, most
notably, the scalar fields take constant values there (as one can easily show from (4.18)
and (4.20)):
Φ′|erg = − ln
(coshα+ coshβ
2
)
M ′ab|erg = δab + sinh2 α papb, 1 ≤ a, b ≤ 26− 2D
M ′a+26−D,b+26−D|erg = δab + sinh2 β qaqb, 1 ≤ a, b ≤ 10−D
M ′a,b+26−D|erg = 0, 1 ≤ a ≤ 26− d, 1 ≤ b ≤ 10−D.
(5.7)
Also, the temporal component of the gauge fields are constant on the ergosphere:
φ(a) ≡ A′(a)0 |erg = −
1√
2
sinhα
coshα + cosh β
pa, 1 ≤ a ≤ 26−D
φ(a+26−D) ≡ A(a+26−D)0 |erg = −
1√
2
sinh β
coshα+ coshβ
qa, 1 ≤ a ≤ 10−D
(5.8)
Surprisely, we will see below that φ(j) (1 ≤ j ≤ 36− 2D) coincides with the electrostatic
potential in the event horizon.
Let us now talk about the horizons of the electrically charged black-holes. We are
going to compute the location of the horizons by using the covariant method of Carter
[15]. First we construct the “Killing form” (a
[
D−1
2
]
+ 1 form):
K = Kµ0µ1,..,µpdx
µ0dxµ1 ∧ · · · ∧ dxµp (5.9)
where we have defined p ≡
[
D−1
2
]
and:
Kµ0µ1,..,µp ≡ ξt[µ0ξ1µ1 · · · ξpµp] (5.10)
(ξt and ξi are the Killing fields given in (4.27) and (4.28)). The horizon is then located
at the hypersurface in space-time where the norm of this form vanishes (|K|2 = 0). Let
us denote by |K ′|2 the norm of the Killing form computed with the metric (4.17) (where
Gµν = G
MP
µν ) and by |KMP |2 the norm computed with the MP metric. From (4.17) one
finds:
|K ′|2 = |K
MP |2
∆
(5.11)
As a result, for finite rotation angles α and β, the horizon of the electrically charged black-
holes are localized in the same place as the horizon of the MP metric (however, the area
of the horizon changes due to the change of the metric). The solution to the equation
|KMP |2 = 0 is given by:
Π = µρ for D even
Π = µρ2 for D odd
(5.12)
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These equations has been studied by Myers and Perry ([13]). Looking at the form of Π
(4.25) we see that (5.12), for D even, is a polynomial equation of degree D − 2. This
means that, if they gave solution(s), one can write an explicit formula for them in the
cases D = 4, 6 *. For D odd (5.12) is a polynomial of degree D−1
2
in ρ2. Therefore, the
solution(s) (if any) can also be written explicitly for D = 5, 7, 9. The cases D = 8, 10 have
to be studied separately.
In [13] it is shown that (5.12) can have, at most, two solutions ρ±H leading to the
inner horizon ρ−H and the event ρ
+
H horizon. The degenerate case with only one solution
(ρ+H → ρ−H) gives the extremal black-hole solution. Finally, the cases with no solution
produce naked singularities.
We now wish to compute the physical quantities relevant in black-hole thermodynam-
ics. First, we compute the null generator k˜′ of the event horizon of the charged black-holes
(from now on primes denotes quantities associated to the boosted black-hole whereas un-
primed denote those associated to the unboosted MP metric). k˜′ is the combination of
Killing fields (4.27) and (4.28) that becomes null on the event horizon. Then, we define:
k˜′ = ξt −
∑
i
Ω′iξi, 1 ≤ i ≤
[D − 1
2
]
. (5.13)
Demanding on the event horizon that |k˜′|2 = G′Eµν k˜′µk˜′ν = 0 (where G′Eµν is the metric
given in (5.1)) we get:
Ω′i =
( 2
coshα+ coshβ
) ai
ρ+H
2
+ a2i
(5.14)
To obtain the previous result we have used the fact that, on the event horizon, from (4.24)
and (5.12) we have:
h|ρ+
H
=
1
F
(5.15)
The electrostatic potential on the surface of the horizon is given by:
φ(a) = A′(a)µ K˜
′µ|ρ+
H
. (5.16)
Notably, from (4.19), (5.13) and (5.14) (and using again (5.15))one finds that the electro-
static potential on the horizon (which is constant) is precisely the temporal component of
the gauge fields on the ergosphere (as we anticipated in (5.8)). This seems to be a general
rule common to the solutions constructed using the generating technique, and we have
checked that the same coincidence happens for the Kaluza-Klein black holes of [16]. Next,
we compute the surface gravity κ′ of the rotated black-holes. κ′ is defined through the
equation:
k˜′µ∇′µk˜′ν = κ′k˜′ν (5.17)
* Here we recall briefly the Galois’ theorem: the roots of a generic polynomial in ρ of order n
are soluble in terms of radical expressions only for n = 2, 3, 4.
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evaluated on the horizon (∇′ is the covariant derivative with respect to the metric (5.1)).
After a long (but trivial) computation we get a simple answer:
κ′ =
2
coshα+ coshβ
κ (5.18)
where κ is the surface gravity of the rotating black-holes without electric charges:
κ =
∂ρΠ− 2µρ
2µρ2
|ρ+
H
, for odd D
κ =
∂ρΠ− µ
2µρ
|ρ+
H
, for even D
(5.19)
Of course, ρ+H is a constant on the event horizon and, as a result, κ is also a constant there.
Finally, the area of the horizon is given by:
A′H = (coshα + cosh β)
µ
4κ
(
D − 3− 2
∑
i
ai
ρ+H
2
+ a2i
)
ΩD−2. (5.20)
The most efficient way of computing the area is by noting that κAH (as is the case for∑
i ΩiJi) is an invariant under the generating boosts (this is also true for the Kaluza-Klein
black holes of [16]). Then, using the result of Myers and Perry for the area of the unboosted
case we arrive at (5.20).
The case of
[
D−2
2
]
rotating planes and two electric charges was discussed in [17] (which
appeared after completion of this work).
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